We obtain the radius of convergence of the small-amplitude approximation to the period of the nonlinear oscillatorẍ + (1 +ẋ 2 )x = 0 with the initial conditions x(0) = A andẋ(0) = 0 and show that the inverted perturbation series appears to converge smoothly from below.
The interest in the nonlinear oscillator
x(t) + [1 +ẋ(t)
2 ]x(t) = 0
apparently arouse from the fact that the first-order harmonic balance method yielded the approximate frequency [1] 
that suggests that the frequency of the oscillator is not defined for A > 2. By straightforward analysis of the dynamical trajectories in the x−y plane, where 1 e-mail: fernande@quimica.unlp.edu.ar y =ẋ, Beatty and Mickens [2] concluded that such a restriction is merely an artifact of the harmonic balance method.
Later, Mickens [3] derived an explicit expression for the period
where u = x/A. By means of this expression Mickens [3] proved that dT /dA < 0 and obtained upper and lower bounds to the period.
Kalmár-Nagy and Erneux [4] derived the behaviour of the period for small
and large values of A
as well as most interesting approximations to the periodic orbits in both limits.
In particular, they showed that the trajectory u(t) satisfies the equation
that leads to the same expression for the period (3) derived earlier by Mickens [3] .
The expression (3) enables us to obtain the coefficients of the small-amplitude expansion
exactly and easily to any desired order. Fig. 1 shows the first partial sums First, notice that the effective potential-energy function V (u) given in equation (5) exhibits a minimum V (0) = (1 − e ρ )/(2ρ) < 0 and the energy of the oscillatory motion is E =u 2 /2 + V (u) = 0 for the given initial conditions. Therefore, we expect a critical value of ρ given by V (0) = 0 that yields
If ρ c is the singular point closest to the origin then the radius of convergence will be R = 2π (or R = √ 2π for the amplitude A).
In order to verify this conjecture numerically we constructed Padé approximants [N, N](ρ) [5] from the partial sums S
[2N ] T (ρ) and looked for the complex zeroes of the denominator. A sequence of such zeroes appeared to converge to a limit quite close to 6.3i with a small real part that was negligible compared to the errors of the estimates. Besides, assuming that there is an algebraic singular point [5] closest to origin of the form (z − z 0 ) α we carried out the same Padé analysis, but now on the function T −1 dT /dA, and obtained roughly the same complex number that is quite close to 2πi. Therefore, we conclude that the radius of convergence of the ρ-power series is in fact R = 2π and is due to complex conjugate singular points located on the imaginary axis of the complex ρ-plane at ±2πi.
Recently, Amore and Fernández [6] investigated the possible advantages of the inverted perturbation series that in the present case takes the form Summarizing, we have added a little piece of information to the study of the nonlinear oscillator (1) by identifying the singular points that limit the application of the small-amplitude approach to the interval 0 < A < √ 2π.
Besides, we have shown that for this problem the inverted perturbation series is preferable to the original small-amplitude one. 
